Topological properties of a space consisting of lattice-valued mappings, namely, topologies on a lattice, as well known, are certainly affected by ordered structures on the range. In this paper, some stronger inverse results will be proved. Some ordered structure on the range can be characterized by the presence of topological or analytical properties such as analytic characterizations of lattice-valued semicontinuous mappings, lattice-valued Hewitt-Marczewski-Pondiczery Theorem, etc. In fact, the ordered structure and the topological property are determined by each other.  2002 Elsevier Science B.V. All rights reserved.
In mathematics, the structures like M X are often investigated. For M = 2, subset of X is investigated; for M being a topological space Y , function spaces is considered; as for M being a complete lattice L, L-valued topologies or L-fuzzy topologies are objects being studied. The mathematical structures (topological, analytic, ordered or algebraic) of M and M X have close relationship. The research on the influence among these structures (even mutual determinations) is an interesting topic.
In the present paper, the main goal is to prove the following simplified statements:
(1) A distributive complete lattice L is completely distributive if and only if for every topological space X all the semicontinuous mappings from X to L can be represented by upper limits and lower limits of these mappings taking values in a local area of X.
(2) A distributive complete lattice L is completely distributive if and only if for every topological space X all the semicontinuous mappings from X to L can be approximated by L-valued step mappings. (3) A completely distributive lattice L is anti-diamond-type if and only if the connectedness of every L-fuzzy topological space is equivalent to the connectedness of its back-ground space. (4) The largest element of a completely distributive lattice L is join-irreducible if and only if for every family of L-fuzzy topological spaces there exists an upper bound of the density of the L-fuzzy product space of this family, which is represented by the densities and numbers of factor spaces. Clearly, this result strengths and generalizes The Hewitt-Marczewski-Pondiczery theorem in general topology, which limits the density of a product topological space with the power of the density of its factor spaces. In the sequel, X always stands for a non-empty ordinary set and L a complete lattice. For a set A, [A] <ω stands for the family of all the finite subsets of A, |A| denotes the cardinal number of A. The smallest element and the largest element of L are denoted by 0 and 1 for short, respectively. Denote the family of all the mappings from X to L by L X . By defining the partial order " " in L X pointwisely, L X also forms a partial ordered set and hence a complete lattice. For every a ∈ L, let a denote the constant mapping from X to L with value a.
Definition 1. Denote the category of topological spaces and continuous mappings by Top.
For every (X, T ) ∈ Ob(Top) and every x ∈ X, denote the family of all the neighborhoods of x in (X, T ) by N T (x), or by N (x) for short.
The dual notions co-prime and join-irreducible are dually defined.
For every A ⊂ L, denote the set of all the prime elements of L in A by pr(A), the set of all the molecules of L in A by M(A); especially, the sets of all the prime elements and all the molecules in L are denoted by pr(L) and M(L), respectively.
The following conclusions are well known: 
By this definition, the following conclusion is obvious:
Therefore, an L-valued mapping f on X can be naturally represented by some subsets f [a] 's of X. As for its inverse problem, i.e., to construct levels of an L-valued mapping on X with a family A of subsets of X what conditions should be required on A, we got answers in detail, see [10] .
Following conclusions can be easily verified: Then by Proposition 4, we have:
Shorten respectively the phrases "upper semicontinuous", "lower semicontinuous" and "continuous" by "u.s.c.", "l.s.c." and "c.". For a complete lattice L, let (US), (LS) and (CT) denote the following three implications, respectively:
Clearly, (US) + (LS) ⇒ (CT)
, but the inverse is in general false. It is also easy to find that the operations in the right sides of the above implications are parallel to the upper limit and lower limit in analysis.
Theorem 3. Every completely distributive lattice L satisfies both conditions (US) and (LS).

Proof. Suppose
. Namely, for every ϕ ∈ U ∈B U , we have x a ϕ f , and thus
Since L op is still completely distributive [2] we get (LS). ✷ 
then f is upper semicontinuous. (ii) If for every x ∈ X there exists a family B(x) of neighborhoods (not necessary to be a neighborhood base) of x such that
then f is lower semicontinuous.
such that y∈U f (y) a, and hence ∀y ∈ U , f (y) a. That is to say U ⊂ X\f [a] . Thus X\f [a] is an open subset in (X, T ). By Theorem 2(iii), A is upper semicontinuous.
(
ii) Similar to (i). ✷
Recall the concepts of Hausdorff space and compact space in general topology, we have the following theorems; for their proofs, see [4] : Theorem 5 [4] . The interval topology on a complete lattice is compact. Theorem 6 [4] . Let L be a distributive complete lattice, then the following conditions are equivalent:
(ii) L is a Hausdorff topological lattice with respect to its interval topology.
Theorem 7. Let L be a distributive complete lattice. Then the following conditions are equivalent:
Now we can get a topological and analytical characterization for complete distributivity:
ii) L satisfies both conditions (US) and (LS).
Proof. By Theorem 3, (i)⇒(ii). So we need only prove (ii)⇒(i). By Theorem 6 (ii)⇒(i), we need only prove that L is a Hausdorff topological lattice with respect to its interval
For g, by Proposition 5, we need only prove that g is both upper semicontinuous and lower semicontinuous.
→ L is continuous and hence both upper semicontinuous and lower semicontinuous, by (ii)
If
Now turn to a generalization of ordinary step functions on topological spaces:
Call stb * L (T ) the step base associated with T , stb * L (T ) the step co-base associated with T , stt * L (T ) the step topology associated with T , stt * L (T ) the step co-topology associated with T .
Denote the family of all the lower semicontinuous mappings from
and stt * L (T ) are called "step topology" and "co-topology" respectively because it is not hard to verify that if L is infinitely distributive then stt * L (T ) is closed under arbitrary join and finite meet in infinite distributive lattice L X , and stt * L (T ) has the dull property.
by Propositions 3(i) and 6(i),
. By Proposition 7(i), the proof is completed.
(ii) Similarly prove. ✷ Then we get another characterization of complete distributivity as follows:
Theorem 9. Let L be a distributive complete lattice. Then the following conditions are equivalent:
Proof. (i)⇒(ii): By Theorem 8.
(ii)⇒(i): Let (X, T ) be an ordinary topological space, f : X → L a lower semicontinuous mapping, x ∈ X, B a neighborhood base of
(T ) implies (US). By Theorem 7 (ii)⇒(i), L is completely distributive. ✷
Remark 1.
In real analysis, as is well known, semicontinuous functions can be approximated by step functions. Theorem 9 extends this result into the case of lattice. Moreover, this theorem shows us: As a range, a distributive complete lattice is completely distributive if and only if every semicontinuous mapping from a topological space to it can be approximated by step mappings.
In the sequel, we shall consider the ordered structure of L characterized by L-fuzzy topological propositions. As a preparation, we introduce some concepts on L-fuzzy topological spaces:
Definition 8. For every non-empty set X and every complete lattice L, call L X an Lfuzzy space and every
, where x ∈ X, a ∈ L\{0}, such that x a (y) = a for y = x and x a (y) = 0 for y ∈ X\{x}. For every A ⊂ X, define the characteristic function of A as an L-fuzzy subset χ A such that χ A (x) = 1 for every x ∈ X and χ A (x) = 0 for every x ∈ X\A. Define a relation on L X as follows: ∀U, V ∈ L X ,
U V ⇐⇒ ∀x ∈ X, U (x) V (x).
Then is a partial order on L X , and hence there also exist lattice operations join and meet on L X as follows: ∀A ⊂ L X ,
If there exists an order reverse involution : L → L on L, then an order reverse involution : L → L on L X can be also defined as follows: ∀A ∈ L X , ∀x ∈ X, A and B are called separated, if 
δ), (L X , δ) is connected if and only if (X, [δ]) is connected. (iii) For every weakly induced L-fts (L X , δ), (L X , δ) is connected if and only if
Similarly, C ∩ (B − ) [1] = ∅. Since (L X , δ) is weakly induced, by Theorem 2(iii), both (A − ) [1] and (B − ) [1] are closed in (X, [δ] ). Then by C = A [1] ⊂ (A − ) [1] , D = B [1] ⊂ (B − ) [1] we have C − ⊂ (A − ) [1] , D ⊂ (B − ) [1] , and hence
Now we consider the possibility of characterizing lattice theoretical property with the validity of L-fuzzy topological propositions on density. First of all, we introduce the following set-theoretical conclusion: Lemma 1. Let {A t : t ∈ T } be a family nonempty sets, κ ω, |A t | κ for every t ∈ T and |T | 2 κ . Then there exists A ⊂ t ∈T A t satisfying the following conditions:
ii) For every x ∈ t ∈T A t and every finite subset C ⊂ T , there exists a ∈ A such that p t (a) = p t (x) for every t ∈ C.
Proof. Take a set S such that |S| = κ. Since |T | 2 κ , we can assume T ⊂ 2 S . Denote
Suppose t 0 , . . . , t n ∈ T , t i = t j whenever i = j , then ∃s ij ∈ S such that t i (s ij ) = t j (s ij ) for every two distinguished i, j n. Take F = {s ij : i, j n}. For every i n, define f i ∈ 2 F as f i (s) = t i (s) for every s ∈ F , then f i t i for every i n and M = {f
By (2), the definition is reasonable. By |M| < ω, (1), (2) . Take a ∈ t ∈T A t as follows: Fix a s a ∈ S. ∀f ∈ M, by ( (x) . ∀t ∈ T , if ∃f ∈ M such that f t, take p t (a) = h t (s f ); otherwise, take p t (a) = h t (s a }. So we get a ∈ A M ⊂ A, and ∀r ∈ C, by (1) and (2), ∃f = ϕ
(ii) is also proved. ✷ Certainly, the lattice theoretical property on the range directly affects the topological property such as density of an L-fuzzy topological space just as the theorem in the sequel shows.
For every t ∈ T , suppose p t : X → X t is the ordinary projection, define the projection
Define the product topology of L-fuzzy topologies {δ t : t ∈ T } on X, denoted by t ∈T δ t , as, the L-fuzzy topology δ on X generated by the subbase {p ← t (U t ): U t ∈ δ t , t ∈ T }, and call the L-fts (L X , δ) the product space of L-fts {(L X t , δ t ): t ∈ T }, or an L-fuzzy product space, denote it by t ∈T (L X t , δ t ). For every t ∈ T , call (L X t , δ t ) a factor space of the product space t ∈T (L X t , δ t ); sometimes also call (L X t , δ t ) the tth factor space to emphasize its index t. Define the product of L-fuzzy subsets {A t : t ∈ T }, denoted by t ∈T A t , as
The following result is a generalization of The Hewitt-Marczewski-Pondiczery theorem:
, we can assume ∀e ∈ C t , ht(e) = 1. Denote A t = {supp(e): e ∈ C t }, then
By Lemma 1, ∃a ∈ A such that ∀t ∈ F , p t (a) = p t (x t ). Since 1 U t (x t ) for every t ∈ F and 1 ∈ M(L),
Then a 1q V . Since a 1 ∈ A * , by the arbitrariness
(ii) Take C t and A t for every t ∈ T as in the proof of (i). Fix an ordinary set S such that |S| = κ, then since |A t | κ for every t ∈ T , there exists a surjective mapping h t : S → A t for every t ∈ T . Let
Just as the proof of (i), one can easily find ( A * ) − = 1. So the conclusion holds. ✷ Usually, we define mappings on sets; but since the following investigation involves classes, more exactly, categories, we need a concept of mapping defined on classes. Obviously, we can define this concept parallel to the ordinary one. So in the sequel, we will not specify a mapping which is not defined on sets but on classes.
Definition 17.
Denote the category of all cardinal numbers and all the order preserving mappings among them by Card. Denote the category of all completely distributive lattices and all the complete lattice homomorphisms among them by CDL.
In Theorem 11, we have found that the condition "1 ∈ M(L)" makes the generalized Hewitt-Marczewski-Pondiczery theorem hold; but how about its inverse proposition? This is just what we shall answer in the following theorem. In fact, we shall prove a conclusion which is far more stronger than the inverse proposition in the following meaning:
"If the largest element of L is not join-irreducible, then it is impossible to find a representation of an upper bound of the density of the L-fuzzy product space for every family of factor spaces, such that the representation consists of the densities and numbers of factor spaces even plus the size of the range L." Take ordinary set X s = {u} as a singleton, X t as an ordinary set such that u ∈ X t and |X t | > σ + , where σ + is the successor cardinal number of σ . Denote X = X s × X t . Define δ s ⊂ L X s , δ t ⊂ L X t as follows: 
then |C| |X t \{u}| σ + , it clearly completes the proof. Suppose C ⊂ M(L X ) such that {supp(e): e ∈ C} ⊃ X\{(u, u)}, then ∃v ∈ X t \{u} such that supp(e) = (u, v) for every e ∈ C. By v = u, we have
Since a ∨ b = 1, a ∧ b = 0, so by a < 1,
Since there not exists e ∈ C such that supp(e) = (u, v), we have C W ∈ δ , ( C) − (W ) − = W < 1. So relation ( * ) is true. ✷
